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Abstract

In this thesis, we integrate complex nodes into predictive clustering trees (PCTs). PCTs
are well-established machine learning models that are very flexible in terms of the machine
learning tasks that they can address, including structured output prediction and semi-
supervised learning. Like standard decision trees, they are learned with a greedy top-down
induction algorithm that comes with two weaknesses. First, because of the greediness, the
algorithm makes myopic decisions, which can lead to sub-optimal trees. Second, the split
selection procedure scales poorly with the dimensionality of the output. This can lead to
prohibitively long learning times in structured output prediction problems.

To reduce the myopia of the learning algorithm, we extend PCTs with option nodes.
When there are multiple splits with heuristic scores close to the maximum one, option PCTs
do not select only the best split but combine several alternatives in an option node. For
each alternative split, the tree then continues to grow normally. When making predictions,
each alternative split in an option node makes its own prediction. These predictions are
then aggregated into the final prediction. We evaluate option PCTs on several structured
output prediction tasks: multi-target regression, multi-label classification, and hierarchical
multi-label classification. In the evaluation, we focus on how the number of option nodes
introduced in the tree aledts the trade-o [Hetween the predictive performance and tree
size (which is the main factor of its interpretability). We show that if the number of option
nodes is small, the option PCT remains interpretable while improving the performance of
a standard PCT. On the other hand, option PCTs with many option nodes exhibit similar
behavior to bagging ensembles of PCTs in terms of predictive performance, model size,
and learning time.

To improve the computational complexity of learning PCTs, we propose PCTs with
oblique split nodes. In contrast to standard PCTs, oblique PCTs use linear combinations
of features in tests to split the examples. We propose two methods for learning the oblique
splits in PCTs. The SVM variant first clusters the examples based on the outputs to get the
ideal split, then learns a linear support vector machine on the features that approximates
this split. The gradient variant uses a di [erkntiable approximation of the heuristic used
by PCTs to e Lciehtly optimize oblique splits with gradient-based methods. The proposed
methods improve the computational scaling of standard PCTs and provide additional com-
putational benefits on sparse data. These advantages are first confirmed with theoretical
analysis and later with empirical evaluation. The results of the experiments also show
that the predictive performance of obliqgue PCTs is on par with that of PCTs, often even
exceeding it. We also evaluate the approach in a semi-supervised setting and get similar
results: oblique PCTs are learned faster and often achieve better performance than PCTs
as well. Additionally, we present a method for estimating feature importances from oblique
PCTs and perform experiments that confirm they are meaningful.
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Povzetek

Tema te disertacije je integracija kompleksnih vozliS¢ v drevesa za napovedno razvri¢anje
(DNR). DNR-ji so uveljavljeni modeli v strojnem ucenju, ki jih lahko uporabimo za vrsto
razlicnih nalog, med drugim napovedovanje strukturiranih vrednosti in polnadzorovano
ucenje. Zgrajeni so s poZzreSnim rekurzivnim algoritmom, ki ima dve Sibki tocki. Prva
teZava je njegova kratkovidnost, ki je posledica poZreSnosti in pomeni, da so naucena
drevesa redko optimalna. Druga teZava pa je ratunska zahtevnost ucenja testov v delitvenih
vozlisCih drevesa, ki hitro narad¢a s Stevilom izhodnih spremenljivk. To pride 8e posebej
do izraza pri napovedovanju strukturiranih vrednosti.

Za zmanjSanje kratkovidnosti uporabimo opcijska vozlis¢a in predlagamo opcijske DNR-
je. Ko naletimo na vec testov, ki izgledajo podobno dobri kot najboljSi med njimi, opcijski
DNR-ji ne izberejo samo najboljSega, ampak zdruzijo vse alternative v opcijsko vozlisCe.
Za vsako alternativo se potem drevo normalno gradi naprej. Ko z zgrajenim opcijskim
DNR-jem delamo napovedi, opcijsko vozlisCe primere posreduje vsem vsebujoCim alter-
nativam. Vsaka izmed njih pripravi svojo napoved, le-te pa se potem zdruZzi v kon¢no
napoved drevesa. Opcijske DNR-je smo evalvirali na ve¢ nalogah napovedi strukturiranih
podatkov: vecciljni regresiji, ve€oznacni klasifikaciji in hierarhi¢ni ve€oznacni klasifikaciji.
Cilj empiricnih raziskav je bil raziskati vpliv Stevila opcijskih vozlis¢ na napovedno mo¢
dreves in njihovo velikost, ki klju¢no vpliva na zmoznost razlage naucenih modelov. Re-
zultati kazejo, da imajo opcijski DNR-ji z malo opcijskimi vozlisCi boljSo napovedno mo¢
od navadnih DNR-jev, Se vedno pa ostanejo razlozljivi. Po drugi strani pa so napovedna
moc, velikost modelov in ¢as ucenja opcijskin DNR-jev z veliko opcijskimi vozlis¢i podobni
tem od ansamblov DNR-jev.

Da izboljSamo racunsko zahtevnost u¢enja DNR-jev, jih razSirimo s poSevnimi delitve-
nimi vozlisCi, ki v svojih testih uporabljajo linearne kombinacije znacCilk. TakSna drevesa
poimenujemo poSevni DNR-ji in predlagamo dve metodi za njihovo konstrukcijo. MPV
razliica najprej razvrsti primere v dve skupini na podlagi izhodnih vrednosti in tako
dobi idealno delitev, potem pa s pomocjo linearne metode podpornih vektorjev poisCe pri-
blizek te delitve na podlagi znacilk. Gradientna razli¢ica pa definira odvedljiv priblizek
kriterijske funkcije, ki jo za ocenjevanje delitev uporabljajo navadni DNR-ji, za uCinko-
vito optimizacijo testa pa uporabi gradientne optimizacijske metode. Predlagani varianti
izboljSata Casovno zahtevnost algoritma na problemih z ve€ izhodnimi spremenljivkami,
dodatne racunske prihranke pa nudita na redkih podatkih. Racunsko prednost najprej po-
trdimo s teoreticno analizo raCunske zahtevnosti, nato pa Se z empiri¢no Studijo. Rezultati
eksperimentov pokazejo tudi to, da poSevni DNR-ji ohranijo ali celo izboljSajo vrhunsko
napovedno mo¢ navadnih DNR-jev. Tudi evalvacija v kontekstu polnadzorovanega ucenja
prikaZze podobno sliko: poSevni DNR-ji so hitrejsi in imajo pogosto tudi boljSo napovedno
moc¢. Predstavimo tudi nacin, kako lahko iz naucenih poSevnih DNR-jev pridemo do ocen
pomembnosti znaCilk, za katere z eksperimenti pokaZzemo, da so smiselne.
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Chapter 1

Introduction

In recent years, the popularity of machine learning has greatly increased. We are collecting
more and more data and the improved hardware capabilities provide the computational
power to process it. This combination has resulted in many exciting applications of machine
learning methods. Computers achieved (or exceeded) human-level performance in many
complex games (Mnih et al., 2013; Silver et al., 2017; Vinyals et al., 2019), are learning
to drive cars (Badue et al., 2021; Bojarski et al., 2016), help in the development of drugs
(Hodos et al., 2016; Sliwoski et al., 2014), analyze medical images (Anwar et al., 2018;
Araujo et al., 2017), generate coherent text (Brown et al., 2020; Latitude, 2020), and
much more.

The most common task in machine learning isupervised learning(Bratko, 2001; Lang-
ley & Morgan, 1996), where we are given a set of input-output pairs (learning examples) and
need to learn a model that maps inputs to outputs. The goal is to learn a model that makes
accurate output predictions for inputs that were not used for learning. Inunsupervised
learning, on the other hand, we are simply given some data (no input/output distinction)
with the goal to nd groups of similar examples (clustering) or learn (lower-dimensional)
vector representations of examples (representation learning, embeddinggemi-supervised
learning combines supervised and unsupervised learning. We are given a set of input-
output pairs (labeled examples) and another set of inputs, that are not associated with
any outputs (unlabeledexamples). The goal of semi-supervised learning is to exploit both
labeled and unlabeled examples to learn a model that maps inputs to outputs. It is mainly
used when unlabeled examples are plentiful but labeled examples are rare, which limits the
ability of supervised learning to generate a model with good predictive performance. This
often happens in life sciences where labeling examples takes a lot of time or money because
it requires wet-lab experiments. For example, when developing a new drug, we perform
a screening on a handful of initial candidates. They are the labeled examples because we
measured their e ect on the disease progression. To complement them, we can collect the
descriptions of any number of compounds from public online databases for which we do
not know the e ect on the progression of the disease in question. However, we can still
make them available to a semi-supervised method as unlabeled examples.

The term predictive modelingis also used to refer to the tasks where the goal is to con-
struct a model that maps inputs to outputs (e.g., supervised and semi-supervised learning
tasks). An important consideration in predictive modeling problems is the type of output
data that we are dealing with. The most basic example idinary classi cation, where the
examples can be labeled with one of two possible labels, e.g., we predict whether students
will pass an exam or not. If there are more than two (but still a nite number of) possible
labels, the task is known asmulti-class classi cation. To continue our previous example,
we could try to di erentiate between three groups of students: those who will not pass the
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exam, those who will pass but will not impress, and those who will excel. Of course, we
could also try to predict their numeric grades directly. In this case, the output is humeric
and the task is calledregression Because the types of the targets in these cases are prim-
itive, we will refer to this group of tasks as primitive output prediction tasks. They are
among the most commonly addressed tasks in predictive modeling.

However, many real-life problems are naturally described with more complex output
types composed of multiple variables, which can have additional structure or dependencies
between them. These tasks are grouped under the terstructured output prediction (Bak r
et al., 2007). For example, inmulti-target regression we are interested in jointly predicting
multiple numeric values (e.g., the grades of a student on exams for di erent courses). We
might also be interested in predicting which courses students will pass (or simply be good
at) and give them recommendations based on that. There are multiple courses and each
student can (hopefully) pass multiple of them, i.e., examples can have multiple labels.
This task is known asmulti-label classi cation. We can also imagine that some courses are
more related than other, e.g., courses Algebra 1 and Algebra 2 are more similar to each
other than Programming 1 and Physics 1. Based on this information, we can construct a
hierarchy of topics with speci c courses in the leaves. We could provide this hierarchy to
the learning method, and the model would then predict the topics and courses a student
would do well at. Such a task is calledhierarchical multi-label classi cation.

A straightforward approach to structured output prediction tasks is to rst decompose
them into multiple primitive output prediction tasks and solve them individually. This is
known as thelocal approach(Silla & Freitas, 2011). For example, when predicting which
classes a student will pass, we can construct a model for each class that predicts whether
the student passes that particular class. In contrast, theglobal approach (Silla & Freitas,
2011) constructs a single model that predicts the entire structured output simultaneously.
The global approach can produce more accurate models and is generally faster than the
local approach (Kocev et al., 2013).

Another important consideration for predictive modeling is the type of input data.
Traditionally, machine learning methods expect the input data intabular form, i.e., given as
a table. Each row represents one example, and each column presents one feature describing
the examples. The success of the machine learning methods strongly depends on the
information provided by the features and whether it is enough to make accurate predictions.
Data is often naturally presented in tabular form, but for some inputs, this is not the case,
for example, text, images, sequences, and graphs. One approach to dealing with such
inputs is to transform them into tabular data by describing each example with a set of
handcrafted features (e.g., a bag of words for text). Recently, however, state-of-the-art
performance with such inputs is mostly achieved withdeep learningmethods, which can
handle them directly with the use of convolutional layers (He et al.,, 2016; Krizhevsky,
2014; Ma et al., 2018),recurrent neural networks (Liu et al., 2016; Winter et al., 2019),
and attention mechanism (Vaswani et al., 2017; VeliEkovi¢ et al., 2017).

Regardless of the popularity of deep learning, when the examples can be described
with good features in tabular format, traditional machine learning methods still perform
just as well (or better) and are typically easier to use. A prominent traditional method is
the induction of decision and regression treegBreiman et al., 1984). The advantages of
tree-based methods are that they are relatively fast (to learn and to make predictions) and
that it is easy to inspect why a certain prediction was made. They are often combined into
ensembles (Breiman, 1996, 2001) and the ensembles typically achieve great performance.
Even though inspecting individual predictions in ensembles is less feasible, the models can
still be interpreted via various feature ranking methods (Petkovi¢ et al., 2019a; Petkovi¢
et al., 2020). While there are novel methods such as SHAP (Lundberg & Lee, 2017) that
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are capable of explaining individual predictions for arbitrary models, they are still better
suited to tree-based methods (Lundberg et al., 2020).

Predictive clustering trees (Blockeel et al., 2002; Blockeel et al., 1998) generalize stan-
dard decision and regression trees towards structured output prediction (Kocev et al.,
2020; Kocev et al., 2013), semi-supervised learning (Levati¢ et al., 2017; Levati¢ et al.,
2020) and unsupervised learning (Dimitrovski et al., 2016). They retain the performance
and interpretability of standard trees and ensembles thereof. The main topic of this thesis
is to extend and improve predictive clustering trees by introducing complex nodes into the
trees.

1.1 Motivation

The motivation for this thesis is twofold. First, predictive clustering trees, like standard
decision trees, are induced following the traditional top-down approach. It is a greedy
algorithm that nds the best split at each step and proceeds recursively on the resulting
subsets of examples. The advantage of such an approach is that it is computationally
e cient. But selecting a split that appears to be the best at the moment without con-
sidering future options can lead to sub-optimal trees. To alleviate this issue, classi cation
trees have been extended witloption nodes(Buntine, 1992; Kohavi & Kunz, 1997). When
multiple splits appear to be of similar quality, instead of selecting only the best one, an
option node is created, which stores several alternative splits. From that point on, the tree
construction continues recursively for each alternative split. This way, a larger subspace
of trees is investigated, which can result in a better model. We wish to extend predictive
clustering trees with option nodes and investigate their potential for structured output
prediction problems.

The other motivation was the improvement of the computational e ciency of learning
predictive clustering trees on structured output prediction tasks. While it is e cient for
primitive tasks, it scales poorly with the number of output variables. This becomes es-
pecially noticeable in (hierarchical) multi-label classi cation problems with thousands of
possible labels. It also a ects semi-supervised learning of predictive clustering trees. Fur-
thermore, label sets in multi-label problems are typically presented as binary vectors. The
length of the vector equals the number of possible labels, and the value of each component
denotes the presence (value 1) or absence (value 0) of a speci c label. Even though there
are often thousands of possible labels, most examples are typically labeled with only a
handful of them. This leads to binary vectors with a very high dimensionality and mostly
zero-valued components, i.e.sparsevectors. This sparsity could potentially be exploited
to make learning faster, but standard predictive clustering trees cannot prot from it. To
improve the computational e ciency, we consider oblique split nodegBreiman et al., 1984;
Murthy et al., 1994). Whereas the split nodes in standard trees perform tests on a single
feature, oblique split nodes consider linear combinations of features in the tests. We believe
this can bring computational advantages on three fronts:

" By carefully designing the optimization of the oblique splits, we can improve the
scalability of learning a split with respect to the number of outputs.

~

By storing sparse data in a sparse matrix format and performing matrix operations
in this representation, we can achieve an additional computational advantage.

" By using oblique splits, the trees can t the data better with fewer split nodes. This
should result in smaller models and lower learning times.
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1.2 Goals and Hypotheses

Following the motivation presented above, the main goal of the thesis is to address the
presented limitations of predictive clustering trees (PCTs), focusing on the context of
structured output prediction. Speci cally, we will develop PCTs with di erent types of
complex tree nodes. To achieve this goal, we will do the following.

Develop option nodes for the predictive clustering trees to obtain option predictive
clustering trees (OPCTSs).

Evaluate the OPCTs on benchmark datasets for structured output prediction tasks
with emphasis on the in uence of the number of option nodes.

Design and implement e cient oblique predictive clustering trees and ensembles
thereof.

Evaluate oblique PCTs on benchmark datasets for standard classi cation and regres-
sion tasks as well as for structured output prediction tasks. Emphasis will be on the
e ciency on high dimensional and sparse data.

Evaluate oblique PCTs on semi-supervised learning tasks.

Demonstrate that feature importance scores obtained from oblique PCTs are mean-
ingful.

Related to the listed goals, we formulate several hypotheses that we then investigate
throughout the thesis.

H1 Introducing few option nodes in a PCT improves its predictive performance compared
to standard PCTs while retaining the interpretability potential.

H2 Introducing many option nodes in a PCT makes the option PCTs exhibit similar be-
havior to bagging ensembles of PCTs in terms of time complexity, size, and predictive
performance.

H3 Oblique predictive clustering trees reduce learning time on high dimensional data
compared to standard PCTs without deteriorating predictive performance.

H4 Oblique predictive clustering trees exploit sparse data to reduce learning time.

H5 Oblique predictive clustering trees are learned signi cantly faster than standard PCTs
in a semi-supervised learning setting.

H6 Meaningful feature importances are calculated by using oblique PCTs.

1.3 Methodology

In this section, we present the methodology used to achieve the goals that we have set up.
We started by studying the speci cs of the SOP tasks (Bakr et al., 2007), the working
of predictive clustering trees (Blockeel et al., 1998), and how they are applied to SOP
tasks (Blockeel et al., 2002; Kocev et al., 2013). To develop option PCTs we studied the
relevant literature on option trees (Buntine, 1992; Kohavi & Kunz, 1997). We implemented
them into CLUS predictive clustering framework (available at http://source.ijs.si/ktclus/
clus-public/). The tree induction algorithm was modi ed to introduce an option node and
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explore several alternative splits when selecting the best split is not an easy task, i.e., when
there are multiple candidate splits with similar heuristic scores.

The empirical comparison of option PCTs to standard PCTs and ensembles of PCTs was
performed on benchmark datasets for the following structured output prediction problems:
multi-target regression (MTR), multi-label classi cation (MLC), and hierarchical multi-
label classi cation (HMLC). We evaluated the algorithms on prede ned train-test splits of
the datasets where they were provided and used 10-fold cross-validation otherwise. We
varied the number of option nodes introduced in option PCTs and studied how their
performance and interpretability is a ected.

We compared the predictive performance (using task-speci ¢ performance measures)
as well model size (number of leaf nodes) and learning time. For the MTR datasets, we
also calculated bias-variance decomposition of the mean squared error (Geman et al., 1992)
to investigate the source of prediction errors. To compare and present the results of the
evaluation of option PCTs and (ensembles of) standard PCTs, we used the statistical anal-
ysis suggested in (Dem?ar, 2006) and average ranking diagrams. While newer protocols to
compare methods based on Bayesian statistics have been proposed (Corani et al., 2017),
their properties make them a bad t for our experiments. Speci cally, they are computa-
tionally much more demanding, only work well on very many datasets (30-50), and provide
no approach for comparing multiple methods (require pairwise comparisons).

To develop obliqgue PCTs, we additionally studied existing proposed oblique decision
tree methods (Breiman et al., 1984; Menze et al.,, 2011; Murthy et al., 1994; Prabhu
& Varma, 2014) and analyzed their strengths and weaknesses. Oblique splits require a
fundamentally di erent tree representation and split optimization and were developed in
a new software library because of that. The library is namedspyct and it is implemented
in the Python programming language. It is available under a free license, and compatible
with the popular scikit-learn API (Pedregosa et al., 2011) to lower the barrier for user
adoption. We implemented two variants for learning oblique splits:

" The support vector machine (SVM) variant rst clusters the examples into two groups
based on their output values. This clustering represents the ‘ideal' splitting of ex-
amples. However, the actual test to split the examples must be based on the inputs.
After the “ideal' clustering is determined, we label each example with O or 1 based
on the cluster it belongs to. We then learn a linear SVM that tries to predict these
labels based on the inputs. The weights the SVM learns are used to de ne the test
hyperplane for the oblique split.

The gradient descent variant directly optimizes the hyperplane to minimize the im-
purity of outputs of examples on each side. We achieve this by calculating weighted
variances of examples on each side of the hyperplane using fuzzy membership weights.
This function is di erentiable and can be e ciently minimized with gradient-based
methods.

Both variants improve the scaling of learning time with the number of descriptive and
clustering variables. They can also exploit sparse input and output spaces by using a
sparse matrix format to store the data and perform matrix operations. We also developed
bagging and random forest ensembles of oblique PCTs.

We evaluated the proposed oblique PCTs in both single-tree and ensemble setting on
benchmark MTR, MLC, and HMLC datasets. Since the method is novel also for primi-
tive output prediction tasks, we also performed an empirical comparison on single-target
regression, binary classi cation, and multi-class classi cation datasets. We rst performed
experiments on a smaller set of datasets for each task to investigate the in uence of di er-
ent methods' parameters on its predictive performance and learning time. We determined
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default values that o er a solid trade-o between performance and e ciency. Next, we
compared the oblique PCTs to standard PCTs, ensembles of PCTs, and other state-of-the-
art methods for di erent predictive modeling tasks. To estimate the predictive performance
of the learned models, we used 10-fold cross-validation and task-speci ¢ performance eval-
uation measures. We also compared model sizes and learning times.

Additionally, we used the same experimental design as described above to evaluate
the performance and e ciency of oblique PCTs on SSL tasks and compare them to semi-
supervised PCTs. This was done because the improved scaling of obliqgue PCTs is especially
useful for the semi-supervised approach.

Finally, we learned oblique PCTs on datasets with added random features and inves-
tigated feature importance scores obtained with our algorithm. These experiments were
designed to show whether the obtained scores are meaningful and whether the oblique
PCTs are resilient to irrelevant features.

1.4 Contributions

The scienti ¢ contributions of the dissertation are summarized as follows:

1. A method for learning option predictive clustering trees that are capable of addressing
structured output prediction (SOP) tasks.

2. An empirical evaluation of option PCTs on benchmark datasets for SOP and their
comparison to standard PCTs and ensembles thereof.

3. SVM-based and gradient-descent-based methods for e cient learning of oblique PCTs
capable of addressing SOP tasks and handling high dimensional and sparse data.

4. An empirical evaluation of oblique PCTs and ensembles thereof on benchmark datasets
for standard classi cation and regression tasks as well as for SOP tasks.

5. An empirical comparison of oblique PCTs and standard PCTs on semi-supervised
learning tasks.

Papers presenting these contributions have been published or submitted to conferences
or journals. The details related to the publications are listed in the Bibliography section
at the end of the thesis.

1.5 Organisation of the Thesis

This rst section provided a general perspective and context of the thesis. The remainder is
organized as follows. Chapter 2 presents the background and work related to the thesis in
detail. This includes the description of predictive modeling in general and the speci ¢ tasks
we considered. We present predictive clustering trees in detail and provide an overview of
existing approaches for learning option trees and oblique trees.

Chapter 3 then presents the core ideas developed in the thesis. It provides a general
overview of the developed methods for learning option PCTs and oblique PCTs, their inner
workings, and their instantiations for di erent learning settings: di erent structured output
prediction tasks, as well as supervised and semi-supervised learning. It also contains the
theoretical analysis of their computational complexities.

Chapters 4-8 present the contributions of this thesis in detail. These chapters include
papers (either published or under review) that present the proposed methods and their
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extensive experimental evaluations. Each chapter begins with a summary of the work
presented in the paper included in the speci c chapter.

Option predictive clustering trees come rst. Chapter 4 treats option PCTs for multi-
target regression, Chapter 5 presents how they are used for multi-label classi cation, and
Chapter 6 how they work for hierarchical multi-label classi cation. Each chapter also
includes all the relevant evaluation experiments.

Next, Chapter 7 describes both the SVM and the gradient descent variants of oblique
PCTs, presents the results of their extensive evaluation for 6 predictive modeling tasks,
analyzes the in uences of di erent parameters, and the feature importance scores that
can be extracted from the learned trees. Chapter 8 then presents how obligue PCTs can
be learned in a semi-supervised manner and presents the experimental evaluation of the
approach.

Finally, Chapter 9 concludes by discussing the contributions to science made with this
thesis and outlines directions for future work.






Chapter 2

Background

In this chapter, we describe in detail the background for the thesis. We start by presenting
the basics of predictive modeling (Section 2.1). We di erentiate betweerprimitive output
prediction (Section 2.1.1) andstructured output prediction (Section 2.1.2) based on the type
of the output. The naming is derived from the International Organization for Standard-
ization (ISO) naming of the datatypes (International Organization for Standardization,
2007) and the Generic ontology of datatypes (Panov, Soldatova, et al., 2016). Primitive
datatypes are de ned axiomatically and do not reference other datatypes (e.g., numeric
and nominal values), whereas generated (or structured) datatypes are de ned in terms of
other datatypes (e.g., vectors of numeric values, sets of nominal values). We also present
the di erence between supervised and semi-supervised learning (Section 2.1.3). Next, we
discuss the predictive clustering trees as a generalization of standard decision trees and
their use in the predictive modeling tasks we introduced (Section 2.2). Finally, we present
the related work on option trees (Section 2.3) and oblique trees (Section 2.4), the two main
concepts that our work in this thesis develops further in the context of predictive clustering
trees and structured output prediction.

2.1 Predictive Modeling

The goal in predictive modeling is to learn a model that predicts an output for a given
example described with its input variables. In this thesis, we focus on tabular data, where
each example is described with a xed number of features. The features can be either
numeric, meaning their domain is a subset oR, or nominal, meaning their domain is a
nite set of prede ned values. In the simplest case, the output is a single target variable
(or target) that can again be numeric or nominal. Features are traditionally denoted asx;
and the target asy. The data is called tabular because it can be naturally presented as a
table, where rows correspond to examples and columns contain the values of the features
and the target. Table 2.1 shows an example of a data table where examples are described
with D features. Featuresx; and xp are numeric, whereas featurex, and target y are
nominal.

The learning algorithm constructs a model with the help of a learning set (also called
a training set), which contains learning (training) examples with their associated targets.
However, the model should be able to make accurate predictions for examples that the
algorithm did not see during learning, i.e., it should generalize well. This predictive per-
formance is measured with a performance measure that compares the model's predictions
to real target values. For example, with nominal targets, we can look at the percentage of
correctly classi ed examples. With numeric targets, we can calculate how far the predic-
tions are from real values on average. Various performance measures have been proposed
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Table 2.1: Example of a tabular dataset where each example is described with numeric
or nominal features and a binary target variable.

x| x2 [ [xo ]y |
5.12| blue | ... | 25 || yes
2.67 | green| ... | 51 || no

391 red | ... | 12| no

4.48 | green| | 29 || yes

that are appropriate for problems with di erent characteristics (Kocev et al., 2013; Mad-
jarov et al., 2012; Vens et al., 2008; Witten & Frank, 2002). The performance measure
should be determined in advance, as it in uences the selection of the learning algorithm
or its parameters.

There are two standard strategies for estimating the predictive performance of a model.
The rst strategy is to split the available data into a training set and a test set. The model
is learned on the training set and then used to make the predictions for the test set. The
predictions are then compared to the real target values. This process can be repeated
several times for di erent selections of the training and test sets to get more accurate
estimations of the performance. The other strategy is called&-fold cross-validation, where
the data is split into k parts (folds) of equal sizes (or as close to it as possible). One fold
is selected for the test set and the union of the other folds as the training set. This is
repeatedk times so that each fold is selected for the test set once.

The predictive performance of the model is not necessarily the only criterion for eval-
uating the models. In many domains, it is important to have insight into the model to
understand why it made a given prediction the model needs to benterpretable. Inter-
pretability typically improves the con dence in the predictions in sensitive applications
(e.g., medical diagnosis) and supports the discovery of new knowledge. It can be seen
from two viewpoints: interpreting the model as knowledge extracted from the data (for
this, the model size can play an important role) and interpreting the predictions made by
the model. For the former, one needs models that are readily interpretable (e.g., decision
trees) or proxies such as feature ranking estimated from the model (Petkovi¢ et al., 2019a;
Petkovi¢ et al., 2020). For the latter, one can use speci cally designed methods for explain-
ing individual predictions ('trumbelj & Kononenko, 2014), feature importance estimation
for making predictions for subsets of examples (Petkovi¢ et al., 2019b), or novel methods
such as SHAP (Lundberg & Lee, 2017) that are capable of explaining individual predic-
tions for arbitrary models (note that they are still better suited to tree-based methods
(Lundberg et al., 2020)).

Another important consideration can be computational e ciency, both for learning the
model and using the model to make predictions. Better learning e ciency can allow the
algorithms to process more learning data, which typically leads to more accurate models.
Moreover, for some domains with large numbers of examples, features, and outputs, the
computational cost of learning can be a limiting factor (for example, analysis of metage-
nomic data, virtual compound screens). Several problems also require models capable of
making predictions very quickly (e.g., automated stock trading).

Some algorithms, like many decision tree implementations, can deal with both numeric
and nominal variables. Others, like neural network methods, only accept numeric variables,
which means nominal variables need to be encoded with one or more numeric variables.
This can be done in a number of ways, and we here present the two most commonly used
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Figure 2.1: An example of ordinal and one-hot encoding strategies of a nominal variable
with three possible values: red, green and blue.

strategies. Suppose we have a hominal variable with possible values that we organized in

variable with a single integer, e.g., we can encode with integer i. The second common
encoding strategy isone-hot encoding where the values are encoded with binary vectors
of length n. Each component corresponds to a speci c value, and all components are set
to O except the component corresponding to the value that the vector encodes, which has
a value of 1. For example, we encode the valug with an n-dimensional vector, where
all components are 0 except the-th one, which is 1. Figure 2.1 demonstrates ordinal and
one-hot encodings on a simple example.

2.1.1 Primitive output prediction

The simplest predictive modeling tasks are the ones with a single target variable which has
a primitive data type (Panov, Soldatova, et al., 2016). Depending on whether the target
is numeric or nominal, we di erentiate between di erent predictive modeling tasks.

If the target is nominal, the task is called classi cation, and the di erent values of the
target are referred to asclasses For example, the target in Table 2.1 has two possible
values, yes and no. Classication tasks are further divided based on the number of
classes. When there are only two possible classes, like in the example, the task is known
as binary classi cation (BC). And with three or more possible classes, we are referring
to the task as multi-class classi cation (MCC). Some examples of classi cation tasks are
predicting the winning team in a basketball match, predicting whether to buy or sell a
stock, detecting the language of a text, identifying the animal in an image, etc.

Alternatively, if the target is numeric, the task is called regression Examples of regres-
sion tasks are predicting the point di erence in a basketball match, predicting the price
increase/decrease of a stock, predicting the temperature tomorrow, predicting how much
a molecule inhibits a protein, etc. As we hinted at with our examples, regression tasks
are often naturally transformed into classi cation tasks by discretizing the numeric target
into several bins and treating the di erent bins as classes. For example, predicting the
point di erence in a basketball match can be transformed into a classi cation problem of
predicting which team will win. In the tasks presented above, the target is a single value.
We will refer to this group of tasks asprimitive output prediction tasks.

One can also encode a nominal target variable in the same way as the descriptive
variables. We can thus approach a classi cation problem with regression algorithms. This
is mostly used for binary classi cation problems, where the two classes can be encoded
with values 0 and 1. Then the output of a regression model can be interpreted as the
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Figure 2.2: Weather forecasts can be a source of multi-target regression problems. For
example, we may wish to predict the temperatures or atmospheric pressures for the next
day at several locations. Source: meteo.arso.gov.si.

pseudo-probability (propensity) of an example belonging to class 1.

2.1.2 Structured output prediction

In the previous section, we discussed predictive modeling tasks where the output consisted
of a single target variable. In this section, we will consider tasks that are more naturally
described with more complex outputs, consisting of multiple target variables that may
have an additional structure de ned on top of them. Speci cally, we will describe the tasks
multi-target regression, multi-label classi cation, and hierarchical multi-label classi cation.

2.1.2.1 Multi-target regression

In the regression task described above, there was a single numeric target for the model
to predict. From now on, we will refer to this task as single-target regression (STR)
for clearer distinction. In multi-target regression (MTR), the task is to predict multiple
numeric targets simultaneously. Some examples of multi-target regression problems are
predicting the point di erential of multiple basketball games (each game featuring our
favorite team and some other opponent), predicting the temperature on multiple locations
(e.g., Figure 2.2), predicting the height and weight of a person, etc. Additionally, multi-
class classi cation problems can be treated as multi-target regression if we encode the
nominal target with one-hot encoding. In the end, we predict the class for which the value
predicted by the MTR algorithm was the largest.

A straightforward approach to MTR is problem transformation, where we transform the
problem of predicting t numeric targets into t independent STR problems. This allows us
to use any STR method to deal with MTR. However, by doing so, we overlook the potential
interactions among the di erent targets (e.g., temperatures at neighboring locations are
similar, if our team beats team A, it may be more likely to also beat team B, tall people
tend to weigh more than short people, etc.). Another way to approach MTR is to use
algorithms designed or adapted for dealing with multiple numeric targets. Such methods
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Figure 2.3: Image tagging is typically a multi-label classi cation problem. This image was
tagged with labels nature, mountain, water, lake, forest, and park. Source: hdwallpapers.
in.

can exploit correlations among the targets. By building a single model, we can also bene t
from improved time-complexity and interpretability (Kocev et al., 2013).

2.1.2.2 Multi-label classi cation

In binary and multi-class classi cation problems, examples are labeled with one label out
of two or more options. In multi-label classi cation (MLC), examples are labeled with a
subset of a nite set of possible labels. For example, we can look at the image tagging
problem (Figure 2.3). Each image can be tagged with multiple labels, and hundreds of
potential labels exist. Some other examples of MLC problems are topic classi cation of
texts, movie genre classi cation, protein-protein interaction prediction, etc.

Label sets in MLC are most often encoded a&-hot binary vectors. It is similar to
one-hot encoding we discussed in Section 2.1, except that multiple components can have
value 1 because multiple labels can be present for each example. For many problems, the
number of possible labels is very large, but for most examples only a very small subset of
them is relevant. This leads to high-dimensional vectors that aresparse the vast majority
of components have a value 0.

Multiple problem transformation approaches to MLC have been proposed (Tsoumakas
et al., 2009). Suppose we have a problem with possible labels. The simplest approach
is to construct L binary classi ers, each of which decides if a single label is present or
not. This approach is known as binary relevance and its disadvantage is that it ignores
any interactions between the labels. Another approach is to learh. (L  1)=2 models, one
for each pair of labels. Each model decides which of the two labels is more appropriate,
and individual predictions are then aggregated into the nal decision. This improves upon
binary relevance by taking some label interactions into account but is considerably more
computationally intensive.

MLC can also be transformed into a multi-class classi cation problem by treating each
combination of labels as a separate class. The disadvantage of this approach is that the
number of classes grows exponentially with the size of the label set which makes all classes
very rare. Most classes are not represented often in the learning set (if at all), and label
sets not present in the learning set cannot be predicted.

As with MTR, algorithms also exist that were designed or adapted to be used for MLC
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Figure 2.4: Example of a hierarchy constructed from the labels of the image presented in
Figure 2.3.

directly. Some examples are predictive clustering trees (Kocev et al., 2020; Kocev et al.,
2013), support vector machines (Elissee & Weston, 2002) and neural networks (Chen et
al., 2019).

2.1.2.3 Hierarchical multi-label classi cation

Hierarchical multi-label classi cation (HMLC) is a generalization of the MLC task where

a partial ordering among the labels is de ned, i.e., some labels are special cases of other
labels. This partial ordering organizes the labels in a hierarchy and imposes a hierarchical
constraint: if an example has a label, it also has all the parent labels ofl in the hierarchy
(the labels that generalizel). Predictive models can take advantage of this constraint.

The image tagging task we presented as an example of an MLC task can be posed as
an HMLC task if we organize the labels into a hierarchy. Figure 2.4 presents one possible
hierarchy constructed from the labels of Figure 2.3. It is just a part of the hierarchy that
would be constructed from all the possible image labels. In this case, the hierarchy is
in the form of a tree each label has one parent. Partial ordering could also induce a
hierarchy in the form of a directed acyclic graph, where a label can have multiple parents.
Other examples of HMLC problems are classi cation of living beings into taxonomic ranks
(Dimitrovski et al., 2012), classi cation of gene functions (Consortium, 2019), classi cation
of medical paper topics with Medical Subject Headings (Minguet et al., 2017), etc.

A straightforward approach to HMLC is to ignore the hierarchy and treat it as an MLC
problem. In the end, the predictions made with such an approach must be post-processed
to take into account the hierarchical constraint. There are also several approaches that can
take the hierarchy into account, both local, which decompose the problem into multiple
smaller ones (for example, one model for each non-terminal node in the hierarchy, that
decides which children nodes are appropriate), and global, where a single model is made
to deal with all the labels. Local approaches can be used with any classi cation algorithm.
Examples of global approaches include predictive clustering trees (Vens et al., 2008), kernel-
based approaches (Rousu et al., 2006), and neural networks (Wehrmann et al., 2018).

2.1.3 Supervised and semi-supervised learning

So far, we focused on thesupervised learningapproach to predictive modeling. Here, the
model is learned with the help of a learning set where each example is labeled, i.e., has a
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Figure 2.5: Motivation for semi-supervised learning. The information provided by the
unlabeled examples (grey circles) in uences the decision boundary between the two classes
(black and white circles). Source: wikipedia.org.

target value assigned. The quality of the model very much depends on the quality of the
learning set. If the learning examples do not represent the distribution of the data well
enough, it is di cult to construct a model that generalizes well.

A problem that is present in many domains is that labeled examples can be di cult
to obtain, which means that learning sets can be too small for accurate modeling. This
is common for biological and chemical problems where the process of labeling examples
often requires wet-lab experiments, which are time-consuming and expensive, or medical
problems where purposeful labeling can be unethical.

For some problems where labeled examples are rare, examples without assigned target
values (unlabeled examples) are abundant. For example, the e ciency of compounds for
a speci ¢ condition is measured for a small set of compounds, while public databases exist
containing millions of compounds and their descriptions. This is the setting thatsemi-
supervised learningaddresses. We are presented with a set of labeled examples and a set
of unlabeled examples. Typically the number of labeled examples is (much) lower than the
number of unlabeled examples.

Semi-supervised methods use the information about the distribution of the data in
the input space provided by the unlabeled examples aiming to learn a better predictive
model. The intuition is presented in Figure 2.5. Semi-supervised methods rely on some
assumptions about the data. The most common assumptions are thgustering assumption
which assumes that points nearby in the input space have similar target values, and the
manifold assumption which assumes that examples lie on lower-dimensional manifolds in
the input space (as is the case in Figure 2.5).

The most straightforward semi-supervised method is self-training (Rosenberg et al.,
2005). It is an iterative procedure, where at each step we learn a model on the labeled
examples. This model then makes predictions for the unlabeled examples, and the most
con dent predictions are then included among the labeled examples in the next iteration.
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Figure 2.6: An example of a regression tree that predicts the monthly income of a person.
The tree is interpreted in the following way: if a person has a PhD, they are expected to be
wealthy and have a salary of 2308 per month. Otherwise, having multiple cars indicates
a higher expected salary (1808) than having a single car or none at all.

A related approach is co-training (Zhou & Li, 2007), where, instead of a single model, we
have two models that label the examples for each other. The models are usually di erent or
are provided with di erent views of the data. There are also methods that take unlabeled
examples into account to draw decision boundaries in low density regions in the input space.
Examples include semi-supervised SVMs (Bennett & Demiriz, 1998) and semi-supervised
predictive clustering trees (Levati¢ et al., 2017; Levati¢ et al., 2020).

2.2 Predictive Clustering Trees

In this section, we start by briey presenting standard decision trees and their use in
ensembles. We then describe predictive clustering trees in detail and show how they are
used for structured output prediction tasks and semi-supervised learning.

2.2.1 Basics of decision trees

Tree-based predictive models have been popular for the last several decades (Breiman et
al., 1984). Their use is widespread: they can solve both classi cation and regression tasks
and can handle both numeric and nominal features. A small regression tree is presented
in Figure 2.6.

Tree models are typically constructed with the recursive top-down induction algorithm
outlined in Algorithm 2.1. The construction starts with the full set of learning examples.
At each step, the algorithm goes through all the possible tests for all the features and
selects the best one based on some heuristic score. The tests for numeric featuresre
typically of the form

Xi > 1

wheret 2 R is some threshold. For tests on nominal features, there are two common
options:
Xi=vVvi and xj 2 V;
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Algorithm 2.1: Learning a decision tree: The inputs are & D table of features
X describing theN learning examples, and a list ofN targets y that are assigned
to them.
Function grow_tree( X, y):
test = best_test( X, y)
if test 6 None then
rowsl, rows2 =split( X, test)
left_subtree = grow_tree( X[rows1], y[rows1])
right_subtree = grow_tree( X[rows2], y[rows2])
return SplitNode( test, left_subtree, right_subtree)
else
\ return LeafNode(prototype( Y))

Function best test( X, y):
best = None

for test in possible_tests( X, d) do
if acceptable( test) and score( test, X, y) > score( best, X, y) then
| best = test
return best

Function score( test, X, y):

rowsl, rows2 =split( X, test)

nl = num_rowsfows1)

n2 = num_rowsfows?2)

n=nl+n2

return n imp(y) nl imp(y[rowsl]) n2 imp(y[rows2])

wherev; is a speci ¢ value that this feature can have, andV is a subset of them.
The heuristic score is determined based on some measureiofpurity of a set of ex-
amples that we aim to minimize. The main requirement for the impurity function is that
it achieves its minimum on sets of examples with identical targets and increases with the
diversity of the targets. For regression tasks, the most common choice is variance of the
target values, i.e.,
X X
varly) = = 2 (
i=1 i=1

yi)?: (2.1)

For classi cation tasks, a common choice is Gini impurity, de ned as

b
Gini (y) = i) (2.2)
i=1

where L is the number of classes and; are the frequencies of classes wn If we randomly
choose an element of and assign it a random class according to the class frequencies
Gini impurity is the probability the assignment would be incorrect.

The tests must also beacceptablein order to be considered, which depends on pre-
pruning conditions we need to specify in advance. For example, we can limit the depth of
the tree, require at least some number of examples in the resulting subsets of examples,
or require the split to reduce the impurity by at least a certain amount. After the best
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acceptable test is selected, the data is split according to it, and the construction continues
recursively on each subset of examples. If no acceptable test is found, a leaf node is
constructed, where a prototype is stored, which is later used to make predictions. The
selection of the prototype can depend on the performance measure that is used to evaluate
the predictions of the model. For classi cation, using the majority class (i.e., the class with
the highest frequency among the examples in the leaf) maximizes the probability that a
randomly selected example from the leaf will be classi ed correctly. For regression, using
the mean target value minimizes the mean squared error between the prototype and the
examples in the leaf.

Because the tests only have two possible outcomes, the resulting trees are binary. The
greediness of the algorithm means that the constructed tree is usually not optimal, how-
ever, this approach is necessary to keep the tree construction computationally manageable.
Finding the optimal tree for a set of examples is a NP-hard problem (Laurent & Rivest,
1976).

Once a tree is constructed, it can be used to make predictions for previously unseen
examples. A new example is rst sorted down to a leaf node, based on its feature values.
Then, the prototype stored in that leaf is predicted. A single tree can be inspected, and
its predictions interpreted easily. However, tree learning algorithms are typically unstable,
meaning that a small change in the learning set can lead to a completely di erent tree.
This instability hurts the predictive performance of tree models (Breiman, 1996; Geman
et al., 1992).

This problem is addressed by tree ensembles: instead of using a single tree to make
predictions, we construct multiple trees and use them together. Each tree in the ensemble
makes its own prediction, and the predictions of the individual trees are then aggregated
into the nal prediction of the ensemble. Typical aggregations are majority voting for
classi cation problems and averaging for regression problems.

To pro t from an ensemble, we need variety among the individual trees if all the trees
were the same, the ensemble prediction would be equal to the predictions of the individual
trees. The diversity of the trees is achieved by introducing randomization in the learning
process.

The original tree ensembles ardagging ensemble¢Breiman, 1996), where each tree
is learned on a di erent subset of the learning set, which is sampled with replacements
(bootstrapping). Because tree learning is unstable, these changes to the learning sets lead
to di erent trees, which bene ts the ensemble. Nowadays, most commonly used ensembles
are random forests (Breiman, 2001). In addition to bootstrapping the learning sets, they
introduce randomization also in the individual tree construction by only considering a
subset of features when searching for a test to split the data. This subset is drawn randomly
for each split.

The performance boost gained by the ensembles comes at the cost of reduced inter-
pretability. Ensembles often have 100 or more trees, and inspecting them individually is
infeasible. To counter this, di erent feature ranking approaches based on tree ensembles
have been developed (Breiman, 2001; Petkovi¢ et al., 2019a; Petkovi¢ et al., 2020). A
feature ranking shows how much an ensemble relies on individual features to make predic-
tions.

2.2.2 Basics of predictive clustering trees

Predictive clustering trees (PCTs) (Blockeel et al., 2002; Blockeel et al., 1998) generalize
standard decision/regression trees by di erentiating between three types of variables.

" Features are the variables that can be used in the internal nodes of the tree to make
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Algorithm 2.2:  Learning a PCT: The inputs are aN D table of featuresX,
aN T table of targetsY, and aN K table of clustering attributes Z.
Function grow_tree( X, Y, Z):

test = best test( X, Z)

if test 6 None then
rowsl, rows2 =split( X, test)
left_subtree = grow_tree( X[rows1], Y[rowsl], Z[rows1])
right_subtree = grow_tree( X[rows2], Y[rows2], Z[rowsZ2])
return SplitNode( test, left_subtree, right_subtree)

else

\ return LeafNode(prototype( Y))

Function best_test( X, Z):
best = None

for test in possible tests( X, d) do
if acceptable( test) and score( test, X, Z) > score( best, X, Z) then
| best = test
return best

Function score( test, X, Z):

rowsl, rows2 =split( X, test)

nl = num_rowsfows1)

n2 = num_rowsfows2)

n=nl+n2

return n imp(Z) nl imp(Z[rowsl]) n2 imp(Z[rows2])

decisions. They are used in the same way as in standard decision trees.

Targets are the variables that are predicted in the leaves of the tree. The important
di erence compared to standard decision trees is that there can be multiple targets,
instead of just one. This requires a change in the prototype function.

Clustering attributes  are the variables that are used by the heuristic scoring func-
tion to evaluate the splits and therefore guide the tree construction. In standard
decision trees, there is no di erence between clustering attributes and the targets. In
PCTs, they are theoretically independent from the features and the targets. However,
since we want the tree to make accurate predictions for the targets in the leaves, some
connection to the targets is desired. This requires a change in the impurity function.

Algorithm 2.2 presents a step-by-step procedure for constructing a PCT. It is very
similar to Algorithm 2.1 but takes into account the di erences we mentioned above. There
can be multiple targets and thebest _test and score functions use the clustering variables
instead of the targets.

This di erentiation of variables, support for multiple targets, and various instantiations
of prototype and impurity functions give PCTs a lot of exibility. They have been used
for several structured output prediction tasks (Kocev et al., 2020; Kocev et al., 2013;
Madjarov et al., 2012), semi-supervised learning (Levati¢ et al., 2017; Levati¢ et al., 2020;
Levati¢ et al., 2018), and also unsupervised learning (Dimitrovski et al., 2016). We also
explored using low-dimensional embeddings of label sets as clustering attributes to reduce
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the learning time of the models (Stepi2nik & Kocev, 2020a).

2.2.3 PCTs for structured output prediction

In this section, we will present the impurity and prototype functions that PCTs use to
address MTR, MLC, and HMLC tasks. The general form of the impurity that PCTs
calculate is "

. 1 imp(Z;)
Z)= — e
|mp( ) K . pl imp(Zitra'n ) 1

(2.3)
where imp(Z;) is the impurity of the i-th clustering attribute, imp(Z{@") is the impurity
of that attribute on the entire training dataset, and p; is the priority weight we assign to
this attribute. In other words, the total impurity is the weighted sum of relative impurities
of the individual clustering attributes. The impurities are considered relative to the entire
learning set to put the impurities of di erent variables on the same scale. For individual
impurities, we use variance for numeric variables and Gini impurity for nominal variables.
In a supervised setting, the clustering attributes are typically the same as the targets.
For the MTR task, assuming we do not prioritize some targets over others, this means that
the impurity used is

X .
imp(Z) = imp(Y) = = var(Y))

— (2.4)
t
I -1 Var(Y,"an)

Note that when there is only one numeric target, this is equivalent to the splitting criterion
used by standard regression trees. For the prototype function, we simply use the vector of
mean target values of the training examples in that leaf.

For MLC, the approach is similar to MTR. We represent the label sets with binary
vectors using k-hot encoding (Section 2.1.2.2), so the number of targets is equal to the
number of di erent labels. For binary variables, Gini impurity and variance are equivalent
as impurity measures. After the encoding, the tree construction is the same for MLC as
it was for MTR. For the prototypes, we again use the averages of the target values, which
in this case represent label frequencies in the leaves. These averages can be used directly
for predictions and treated as pseudo-probabilities of individual labels or used to rank the
labels in order of relevance for a given example. Alternatively, we can apply some threshold
(typically 0:5) to the averages and only predict the labels for which the computed average
exceeds the selected threshold.

The HMLC task is again approached in a similar way to MLC, except we also take into
account that labels higher in the hierarchy are more important than labels lower in the
hierarchy. Label sets are represented with binary vectors, and variance is used to measure
the impurity for the individual labels. However, we also make use of weights to prioritize
selected labels. The impurity used is

. 1 X vary,)
imp(Y) = = ~ pi Var(Y#@ny’ (2.5)
wherep; = p,' is the priority weight assigned to thei-th label, ; is the depth of this label
in the hierarchy, and pp some initial priority. If po < 1, the importance of a label drops
exponentially with its depth. Predictions are made in the same way as for MLC. Because
the hierarchical constraint is satis ed for all learning examples, it is also satis ed for the
prototypes calculated in the leaves the frequency of a given label will always be lower
than the frequency of its ancestors in the hierarchy.

!Simple exercise for the reader, it follows from the fact that v = v for v 2 f 0; 1g.
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2.2.4 PCTs for semi-supervised learning

As we discussed in Section 2.1.3, semi-supervised methods look to exploit labeled and
unlabeled examples to learn better models in situations where labeled examples are scarce.
We start with a N D table X, containing the features of theN, labeled examples, a
N, T table containing the targets assigned to them, and &\, D table X, containing
the features of theN, unlabeled examples. Suppose we concatenate the tables with features
of labeled and unlabeled examples into &N, + N,) D table X.

The way that PCTs include the information from unlabeled examples in the learning
process is by using both targets and features as the clustering attributes (Levati¢ et al.,
2018). When calculating the impurity of individual clustering attributes, only labeled
examples are taken into account for the targets imp(Y;)). Following this information,
Equation 2.3 transforms into

% i ) P X i :
D -1 imp(X@") T -1 imp(Y;"&")

imp(Z) = !

where p* and pY are the priority weights assigned to the feature and target subsets of
the clustering attributes, respectively, and! 2 [0; 1] is the parameter that determines the
degree of supervision. There are three settings fdr to consider.

~

If I =1, the part of the impurity that is derived from the features is ignored because
it is weighted with 1 ! . Since the impurity for the targets is only calculated only on
the labeled examples, the unlabeled examples are e ectively ignored when evaluating
the splits and the tree construction is completely supervised.

If I 2 (0;1), both features and targets in uence the impurity and learning is in fact
semi-supervised.

In the second extreme case, where = 0, the impurities of targets are ignored. This
means the tree is constructed in an unsupervised manner and examples are clustered
together based on their feature values. However, in the leaves, the targets are still
used to calculate the prototypes.

2.2.5 Time complexity of learning a split

Here, we analyze the time complexity of learning a split in PCTs. Suppose we havs
examples with D features, T targets, and K clustering attributes. When searching for a
split, we iterate over all D features and evaluate all the di erent splits by that feature.

For each feature, we start by sorting the examples according to the values of that feature.
This requires O(N logN) operations. Then we can evaluate all the tests for this feature

in a single pass over the examples, but we need to keep track of some statistics needed to
calculate the impurity for each clustering attribute. This takes O(NK ) operations. When
the best test is found, it only takesO(N ) operations to split the data according to it, which

is negligible. The total cost of learning a split is thereforeO(DN logN + DNK ) (Kocev

et al., 2013).

Remember that for normal supervised learningk = T. This means that learning
time scales with the product of the numbers of features and targets. Especially for MLC
and HMLC problems, the number of labels can often reach hundreds and even thousands.
If coupled with a high-dimensional input, the learning times become prohibitively long.
Furthermore, for semi-supervised learning, clustering attributes include both features and
targets, soK = D + T. Therefore, the learning time scales quadratically with the number
of features, which is also problematic.
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Figure 2.7: An example of an option decision tree predicting the monthly income of a
person. Suppose we have a person without a PhD that owns 3 cars, owns a house, and
lives in the countryside. The rst test sends this person to the right subtree where it
encounters an option node. Option nodes send examples down all its subtrees, each of
which makes a prediction. In this case, the rst subtree predicts the income of 18@0
because the number of cars owned is at least 2, the second tree predicts 250fkcause the
person owns a house, the third subtree predicts 11@0because the person does not live in
the city. The prediction of the option tree is the mean of these options: 1808.

2.3 Option Decision Trees

Option trees were rst introduced by Buntine (1992). They generalize standard decision
trees by allowing option nodes in addition to normal split and leaf nodes. When looking
for a test to split the data, we can nd multiple tests with heuristic scores similar to
the best test. Instead of only selecting the best test and ignoring the rest, option trees
create an option node, which combines several of the best splits. Each of the selected
splits then continues into its own alternative subtree. An important note is that when
considering the tests for an option node, only tests based on di erent features are taken
into account. Having similar heuristic scores for multiple tests using the same feature
(especially a numeric feature where the threshold can be slightly changed) is expected so
such cases are not included in an option node.

Option trees make predictions in a manner similar to standard decision trees. Examples
start at the top of the tree and are sorted downwards based on the tests in the split nodes.
When an option node is encountered, the example is sent to each of the alternative subtrees.
This means that an example can reach multiple leaf nodes where predictions are made.
The prediction of the option tree is then the aggregation (average or majority class) of
these individual predictions. Figure 2.7 presents an example of an option tree.

Compared to standard decision trees, option trees have two main advantages.

" The tree construction algorithm presented in Algorithm 2.1 is greedy and selects the
test that appears the best at the moment, disregarding future options. If we have
several tests with similarly good heuristic scores, the test with the highest score based
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on the learning set might only appear so due to some noise in the data or a couple
of outliers. By creating an option node and keeping several good alternatives, we
reduce the greediness and increase the chance of keeping the actually most tting
test.

Because the tree construction is unstable, a small change in a test close to the root
node leads to great changes lower in the tree. On the one hand, this means that
selecting the wrong test early in the tree construction can be very harmful in standard
trees. On the other hand, we can expect substantial di erences among the alternative
subtrees constructed from an option node. Like with ensembles, this is helpful when
aggregating their predictions.

Option trees can be seen as a compact way of presenting a set of trees with common pre xes.
In this sense, they are a bridge between single trees and tree ensembles. Increasing the
number of options leads to better predictive performance but comes with an increased
computational cost and lower interpretability.

In the experiments performed by Buntine (1992), option nodes were most often created
lower in the trees where the uncertainty of split evaluation was greater due to smaller data
samples. In a later study, Kohavi and Kunz (1997) analyzed option trees in detail and
showed that option nodes closer to the root of the tree improve the performance more than
option nodes lower in the tree. They go on to propose multiple strategies for limiting the
number of option nodes. The rst strategy is to only create option hodes when multiple
tests have heuristic scores within some prede ned relative margin of the best score. The
second strategy limits option nodes to the rst couple of levels of the tree. With the third
strategy, each option node is only allowed to include up to a speci ed nhumber of options.
Buntine (1992) only used the rst strategy and included all options that were within a
factor 0:005 of the best test. Kohavi and Kunz (1997) increased this factor greatly, up to
0:5, but additionally used the other two strategies to limit the size of the trees.

2.4 Obligue Decision Trees

All the trees we have seen and discussed thus far used only a single feature in each test.
This means that the split boundaries are hyperplanes that are parallel to one axis in the
input space, which is why such trees are calledxis-parallel trees. In contrast, obliquetrees
(also called multivariate trees) use linear combinations of features in the tests. Individual
tests have the form

w X+ b>0;

wherex 2 RP is the vector of features,w 2 R® and b2 R are the weights and the bias
term de ning the split hyperplane, and w X is the scalar product of vectors. This makes
splits more general because the boundary can be an arbitrary hyperplane in the input
space. The increased exibility can lead to models that t the data much better, as we
demonstrate in Figure 2.8. It also means that nominal features need to be encoded with
numerical features in one of the ways we described in Section 2.1 and Figure 2.1.
However, despite this advantage, oblique trees receive signi cantly less attention from
the machine learning community than axis-parallel trees. One reason is that oblique splits
are more di cult to optimize. With axis-parallel trees, nding the optimal tree is NP-hard,
but nding the optimal split for the greedy algorithm is easy, because we can iterate over all
options. With oblique trees, even optimizing a single split is di cult. Finding a hyperplane
that splits a set of examples with binary labels in a way that minimizes misclassi ed
examples on each side of the hyperplane was shown to be an NP-hard problem (Heath,
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a) b)

Figure 2.8: A toy dataset (a) with drawn decision boundaries learned by axis-parallel (red,
dashed) and oblique (blue, solid) decision trees (b).

1993). Additionally, oblique splits also lose some of the interpretability of axis-parallel
splits, especially if the number of features they use is large.

We found that existing oblique tree methods are specialized for specic predictive
modeling tasks (mostly binary classi cation) and are often computationally ine cient. The
initial proposals for the induction of oblique trees (Breiman et al., 1984; Murthy et al.,
1994) relied on local search optimization. Such approaches scale poorly to contemporary
problems that have thousands of examples and/or features. More recently, Yang et al.
(2019) proposed Weighted Oblique Decision Trees that learn splits by optimizing weighted
information entropy. They are relatively e cient and can be used for binary and multi-class
classi cation tasks.

Oblique random forests (Menze et al., 2011) follow the standard random forest paradigm.
They learn individual trees on di erent bootstrapped samples of the training set and use
a di erent random subset of features for each split. Split learning is performed via ridge
regression, which allows for e cient optimization of the hyperplanes, but their approach
is limited to binary classi cation problems.

Additionally, FastXML (Prabhu & Varma, 2014) and PfastreXML (Jain et al., 2016) are
methods based on oblique trees for multi-label classi cation. The focus of the methods is
on problems with thousands of features and labels, so they specialize in working with sparse
data. When learning a split, these methods optimize a complex objective function that
combines L1 regularization, logarithmic loss, and normalized distributed cumulative gain
(nDCG) of examples on each side of the hyperplane. The criterion function is optimized
in two steps. First, the examples are partitioned in a way that minimizes nDCG in each
partition; this partitioning is improved iteratively. Then, a hyperplane is learned that
approximates this partitioning as best as it can. This is done by using GLMNET method
to solve a logistic regression problem.
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Chapter 3

Complex Nodes in Trees: the Basics

In this chapter, we present the core ideas behind the developed variants of predictive
clustering trees with complex nodes. We rst focus on developing option nodes and then
on developing oblique splits. Our goal is to keep the developed methods applicable to all
the tasks that PCTs could address originally, as presented in Section 2.2. The proposed
methods extend PCTs in orthogonal directions - one allowing a more extensive exploration
of the search space of possible splits, and the other by changing the split search space from
the standard univariate splits to the space of multivariate splits. Conceptually, combining
option nodes with oblique splits is straightforward. However, the methods we developed for
optimizing oblique splits are poorly suited to this because they do not provide alternative
splits that could be included in an option node. The details on the use of the developed
variants for di erent structured output prediction tasks and their experimental evaluations
can be found in Chapters 4-8.

3.1 Option Predictive Clustering Trees

Option predictive clustering trees (OPCTs) extend standard PCTs with option nodes. As
we described in Section 2.3, option decision trees create option nodes when there are mul-
tiple tests with heuristic scores close to the maximum score. The main di erences between
PCTs and standard decision trees are the heuristic scoring and prototype functions. OPCTs
use the same heuristic scores and prototypes as PCTs. Since the heuristic score used by
PCTs still returns a single real value, we can use the same criterion for the introduction
of option nodes as option decision trees. The prototype function does not interfere with
option nodes in any way.

Algorithm 3.1 outlines the OPCT induction procedure. There are two main di erences
from the standard algorithm (Algorithm 2.2). First, the best test function now nds the
best test for each feature. Lettyest be the heuristic score of the overall best test (across all
features). Among the best tests for individual features, the function then returns all tests

t for which
score (t)

— 1 v dee 3.1
score (tbest) ( )

where" is the margin parameter, level is the current depth of the node in the tree andd
the decay rate. The decay rate determines how fast the margin for the inclusion of tests
in an option node is shrinking. This parameter is included so we can be more liberal with
options higher in the tree where they have a greater impact and stricter lower in the tree to
limit the tree size. Additionally, we can limit the maximum number of options per option
node to O. This means only the bestO tests satisfying the condition in Equation 3.1 are
included. We can also limit option nodes to only the topL levels of the tree. If that is
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Algorithm 3.1: Learning an OPCT: The inputs are aN D table of features

X,aN T table of targetsY, and aN K table of clustering attributes Z.
Function grow_tree( X, Y, Z):

tests = best_test( X, Z)

splits =[]

for test 2 tests do

rowsl, rows2 =split( X, test)

left_subtree = grow_tree( X[rows1], Y[rows1], Z[rows1])

right_subtree = grow_tree( X[rows2], Y[rows2], Z[rows2])

splits.add(SplitNode( test, left_subtree, right_subtree))

f length( splits) > 1 then
/* If there are multiple splits, create an option node. */
return OptionNode(splits)

else if length( splits) = 1 then
/* If there is only one split, use it. */
return splits[0]

else

\ return LeafNode(prototype( Y))

Function best_test( X, Z):
best feature tests =[]

best = None
for test in possible_tests( X, d) do
if score(test, X, Z) > score( best, X, Z) then
| best = test
best_feature_tests.add(best)
return almost_best( best_feature_tests)

Function score( test, X, Z):

rowsl, rows2 =split( X, test)

nl = length( rowsl)

n2 = length( rows2)

n=nl+n2

return n imp(Z) nl imp(Z[rowsl]) n2 imp(Z[rows2])

the case, the function only returns the overall best test wherlevel > L. This is equal to
setting O = 1.

The second major di erence is dealing with the results of thebest test function. A
tree is grown for each test that was returned. If there was more than one, an option node
is created containing all the alternative splits. If there was just one test, the algorithm
creates a standard split node. Otherwise, no acceptable splits were found and a leaf node
is created.

Once an OPCT is learned, the predictions are made in the same way they are made
with option decision trees. The prototypes in the leaves are also the same as the ones used
by PCTs and depend on the predictive modeling task that the tree is addressing.

Constructing an option node takes no additional time compared to a normal split node
because the most time-consuming part is the evaluation of all the possible tests, which is
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done in both cases. However, the learning time of the entire tree is increased because the
tree continues to grow from each available alternative split in a given option node. In the
worst case (computationally), we introduce option nodes wherever possible at the rst
levels, each including the maximumO options allowed. From that point on, we essentially
construct O+ standard PCTs. On larger datasets, the total depth of the learned trees is
typically signi cantly greater than L, so the worst-case learning time of an OPCT is similar

to the learning time of a bagging ensemble o®" standard PCTs.

3.2 Oblique Predictive Clustering Trees

In this section, we present our proposal for learning predictive clustering trees with oblique
splits, named SPYCTs?. The development of oblique splits required bigger changes to the
induction algorithm compared to OPCTs. While we kept the standard top-down recursive
structure, we had to design a completely di erent way of optimizing the tests to split
the data. The grow_tree function from Algorithm 2.2 remains the same, however the
best test function was redesigned to optimize oblique splits.

We will propose two variants for optimizing oblique splits in Section 3.2.1 and Sec-
tion 3.2.2, but to start with, let us introduce the notation used throughout this chapter.
As discussed in Section 2.4, oblique splits require the nominal features to be encoded with
numerical features. The data can then be represented as matrices with real-valued ele-
ments. Let X 2 RN D pe the matrix containing the D features of the N examples in
the learning set,Y 2 RN T be the matrix containing the T targets associated with theN
examples in the learning set, andZ 2 RN K be the matrix containing the C clustering
attributes associated with the N examples in the learning set. Letp 2 RX be the priority
vector containing the weights assigned to the clustering attributes (see Section 2.2 on PCTs
for details on the usefulness of these weights). To include the semi-supervised learning sce-
nario in the following de nitions, we allow missing values in these matrices. The labeled
and unlabeled examples can then be mixed together with the unlabeled examples, simply
having missing values for targets inY and Z (if targets are included among clustering
attributes).

Let M 2 RR € pe an arbitrary matrix. We de ne a missing value indicator matrix
IM 2f0;1gR € as a binary matrix with dimensions of matrix M where

'M _ 0 if My .is missing (3.2)
’ 1 otherwise

Analogously, let 1V be the missing value indicator for a vectorv. The matrices and vec-
tors can have any values stored in place of missing values, we can check in the indicator
matrices/vectors to see if a value is real or a placeholder. Belowy ;.. will refer to the i-th
row and M ;; to the i-th column of the matrix M. Let colmean(M ) be a vector of column
mean values of the matrix M calculated only from the non-missing values:

R A \V/ I
colmean(M;) = 4'51R”—”

T i C: (3.3)
i=1 "ijj

Obligue splits are de ned by a general hyperplane in the input space. We parametrize
the hyperplane with a vector of weightsw 2 RP and a bias termb2 R. We will refer to the
subset of examples wher&;.. w+ b > 0 as the positive subset, and the subset of examples

!starting from PCTs, we added PY because they are implemented in Python, and SP because the initial
motivation was e ciency on sparse data.



28 Chapter 3. Complex Nodes in Trees: the Basics

where X;.. w+ b 0 as the negative subset. The goal is to nd a hyperplane where the
examples on each side have similar values of the clustering attributes (iB). The details
on the optimization of the splits are presented a little later, for now, we continue with the
general overview of the algorithm.

After the split hyperplane has been optimized, the tree construction continues recur-
sively on the positive and negative subsets. Similar to standard PCTs, the learning stops
when the learned split is not acceptable, and a leaf node is made, where the prototype
of the targets is stored. SPYCTs use the same prototypes as standard PCTs, which for
numeric and encoded data are mean values of the targets over the (labeled) examples in
the leaf, i.e., colmean(Y).

When making a prediction for a new example with featuresx 2 RP, we calculate the
value x w+ bin the root node. If it is non-negative, we repeat the process in the positive
subtree, otherwise in the negative subtree. This is done until a leaf node is reached, where
the stored prototype is predicted.

3.2.1 SVM-based split learning

The rst proposal for learning oblique splits is based on linear support vector machines
(SVMs). Here, we present the general formulation of the optimization problem, for special
cases applicable speci cally to supervised and semi-supervised structured output prediction
problems see Chapter 7 and Chapter 8, respectively. The SVM variant performs the
hyperplane optimization in two steps. In the rst step, we group the examples into two
subsets in such a way that the similarity of the clustering attributes in each subset is
maximized, regardless of the values of the features. Therefore, only the matrix is needed
for this step. To obtain the groups, we use k-means clustering (Hartigan & Wong, 1979)
to cluster the rows (examples) inZ into two clusters.

For the initial centroids, two di erent rows in Z are randomly selected, i.e.c’ = Z;..
and c! = Z;.. for somel i;j N. We then calculate the weighted Euclidean distances
between each row inZ and the two centroids, weighted with the priority weights p and
again disregarding any missing values. Speci cally, the distance between thieth row and
a centroid c is de ned as

1 P ETEZi @)?,
r K .

dist (c;i) =
k=1 P! |Zk I

(3.4)

Next, we sort each row into the cluster based on which centroid is closer to it. Les;
denote the cluster assigned to the-th row, i.e., s; = argmin; dist (d;i). The new centroids
are then column mean values of examples in each cluster. This process is repeated for a
xed number of iterations.

After obtaining the nal cluster assignments, we search for a hyperplane in the input
space that approximates this partitioning. In essence, we convert the split hyperplane
optimization problem into a binary classi cation problem. We solve the following problem:

miQ kwki + C max(0;1  si(Xi: w+ b)?;
W i=1

where parameterC 2 R determines the strength of regularization. To solve this problem,
we use the LIBLINEAR library (Fan et al., 2008), speci cally their L1-regularizedL 2-loss
support vector classi cation. This provides the w; b parameters that de ne the split.
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3.2.2 Gradient-descent-based split learning

Unlike the SVM variant, where the split is optimized indirectly by rst determining an ideal
split and then trying to approximate it with a hyperplane, the gradient descent variant
directly searches for a hyperplane split that minimizes the impurity on each side. We
initialize the weight vector w randomly, then set b= median( Xw) so that the examples
are initially split in half.

Next, we will de ne the optimization criterion for the split learning problem. Let
s= (Xw + b) 2 [0;1]N, where the sigmoid function is applied component-wise. The
vector s contains values from the[0; 1] interval, and we treat it as a fuzzy membership
indicator. Speci cally, the value s; tells us how much thei-th example belongs to the
positive subset, whereas the valuel s; tells us how much it belongs to the negative
subset.

To measure the impurity of the positive subset, we use the weighted variance of each
column (variable) in Z, and we weigh each row (example) with its corresponding weight in
s. To measure the impurity of the negative subset, we again use weighted column variance,
this time with weights 1 s. Again, we ignore any missing values when calculating the
variance. We de ne the weighted variance ofj-th column in Z with arbitrary weights
a2 RN as

P
N 12 & (Zij meafa; Z; )2

var(Z;j;a)= ——= N ; (3.5)
i=1 IIZJ a
where =)
'N=1 Ii'zj 8; Zij
meafa; Z;) = —Py——; (3.6)

is the weighted mean of thej -th column in Z.

The impurity of a subset of examples is the weighted sum of weighted variances over
all the clustering attributes. For weighing di erent attribuf;es, we use the priority vector p.
The impurity of the positive subset is thenimp(Z; p;s) = jL:1 pjvar(Z;j;s ), and similarly
imp(Z;p; 1 s) is the impurity of the negative subset. The split quality is estimated as

f(w;p) =S imp(Z;p;s)+(N S) imp(Z;p;1 s); (3.7)

wheres = (Xw + b) and S = P iN:1 si. Theterms S and N S represent the sizes of
positive and negative subsets. This mirrors the heuristic score for evaluating the splits in
standard PCTs (see Section 2.2).
Finally, we add regularization of the hyperplane weights, so the nal optimization
problem is
min kwk: + Cf (w;b);
w;b 2

where C again controls the strength of regularization andjjwjj% =( P iD:1 P jwij)? is the L%
norm. We selected L% regularization because it induces weight sparsity more aggressively
than L1. Regularization makes the algorithm pick the features it uses for a split more
carefully, which improves the interpretability of splits and reduces the model size.

The nal optimization criterion is di erentiable, which enables the use of e cient op-
timization methods. For this purpose, we selected the Adam gradient descent method
(Kingma & Ba, 2014).

3.2.3 Time complexity analysis

In this section, we analyze the time complexities of learning oblique splits with both SPYCT
variants. In the SVM variant, the rst step is to perform a 2-means clustering on the
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clustering dataZ 2 RN K. In each iteration, we have to calculate the distances between
the centroids and the examples, which requireO(NK ) operations. If | denotes the
number of clustering iterations, the total cost of clustering isO(I:NK ). Learning the linear
SVM to di erentiate the clusters costs O(NDI o), wherel, is the number of optimization
iterations. The total cost is then O(N (Kl ¢ + Dl y)).

For the gradient descent variant, the main operation is gradient calculation. We vector-
ize the operations whenever possible. The most expensive parts are the multiplication of
X with w to get the fuzzy indicators s and the multiplication of Z with s when calculating
the derivative of the objective function by s. These products requireO(ND) and O(NK)
operations, respectively. Ifl, again denotes the number of optimization iterations, the
time complexity of learning a split is O(1,N (D + K)).

In comparison, the time complexity of learning a splitin standard PCTs isO(DN logN +
NDK ) (Section 2.2). The important di erence we can notice is that standard PCTs scale
with DK , whereas both proposed variants of obligue PCTs scale witld + K. This is
an important di erence when addressing problems with many clustering attributes, i.e.,
high-dimensional output for supervised learning, and high-dimensional input or output for
semi-supervised learning.

Additionally, the optimization of both SPYCT variants can exploit sparsity in data.
When a feature or clustering value is 0, we can skip most operations it is involved in. Let
) D and K K be the average numbers of non-zero elements per row in matric&s
and Z, respectively. Then, the learning complexity reduces tocO(N (K1 ¢ + Dl o)) for the
SVM variant and O(N1 (D + K)) for the gradient descent variant.

3.2.4 Ensembles of oblique predictive clustering trees

Like other tree-based methods, SPYCTs can be used in ensembles to achieve better per-
formance. In fact, since even individual oblique trees are di cult to interpret visually, we
believe that SPYCTs are most naturally used in ensembles. The use of SPYCTs in both
bagging and random forest ensembles is straightforward. For bagging ensembles, we simply
construct each oblique PCT on a di erent bootstrapped sample of the learning set. For
random forests, we additionally learn each split hyperplane on a random subset of features.
After the hyperplane weights are learned, the weightsw; for the features that were not
selected are set td. When making predictions, we again average the prototypes predicted
by each tree in the ensemble to get the nal prediction.
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Chapter 4

Option Predictive Clustering Trees
for Multi-Target Regression

In this chapter, we detail the rst contributions of the thesis: option predictive clustering
trees and their use for the multi-target regression task. In the introductory sections,
we provided a high-level overview of OPCTs (Section 3.1) and described the MTR task
(Section 2.1.2), where the goal is to predict multiple numeric targets. Speci cally, the
contributions in this context are:

1. Extension of PCTs with option nodes in the MTR context.

2. Extensive experimental evaluation of the proposed method, focusing on the in uence
of di erent parameter settings on the predictive performance, time complexity, and
interpretability.

3. Bias-variance decomposition of the error for a deeper insight into the predictive
performance and statistical analysis of the results.

The initial work was presented at the DS-2016 conference (Osojnik et al., 2016) and
included the proposal of OPCTs for MTR aiming to address the myopia of standard PCTs.
The experimental evaluation showed that OPCTs outperform single PCTs and achieve
performance comparable to ensembles of PCTs (bagging and random forest). It is worth
pointing out, however, that the selected parameter settings resulted in OPCTs with many
option nodes which lead to learning times and model sizes on par with ensembles.

We later extended this work in a paper presented in the journal Computer Science and
Information Systems (Stepi2nik, Osojnik, et al., 2020), which we include in this chapter.
This extension includes a formal analysis of the time complexity of learning OPCTs, and
a more extensive experimental evaluation, including the bias-variance decomposition of
errors. We focused the evaluation on the in uence of the number of option nodes on
the predictive performance and total model size, which increases the learning time and
reduces the interpretability. We selected two parameter con gurations: one very liberal,
introducing many option nodes, and one with stricter conditions for including options. The
con guration with many option nodes is similar to bagging ensembles in terms of predictive
performance, model size, and learning time. The con guration with fewer option nodes
presents a middle-ground between single trees and ensembles: it achieves signi cantly
better performance than single trees at the cost of increased model sizes. The models are
still smaller compared to ensembles (and the previously discussed OPCT con guration).
However, they also trade some performance in exchange.

The bias-variance decomposition was performed for a wide spectrum of parameter
con gurations. The results show that including more options in an OPCT reduces the
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variance component of the model, whereas the bias component is rarely aected in a
signi cant way. This means that adding option nodes to OPCTs has a similar e ect to
adding trees to tree ensembles.

From the hypotheses we de ned in Section 1.2, this chapter addresses the following:

H1 Introducing few option nodes in a PCT improves its predictive performance compared
to standard PCTs while retaining the interpretability potential.

H2 Introducing many option nodes in a PCT makes the option PCTs exhibit similar be-
havior to bagging ensembles of PCTs in terms of time complexity, size, and predictive
performance.

Our paper con rmed H1 and H2 for the MTR task with the analysis of the two parameter
con gurations we described and the bias-variance decomposition. Random forest ensem-
bles have similar performance and model sizes as large OPCTs, however, they have an
advantage in time complexity. This advantage is achieved through feature sub-sampling
when selecting a split, but this change is orthogonal to the introduction of option nodes
option trees can be combined with feature sub-sampling seamlessly.

The paper included in this Chapter is:

~ Stepi2nik, T., Osojnik, A., D%roski, S., Kocev, D. (2020). Option predictive clus-
tering trees for multi-target regression. Computer Science and Information Systems
17(2), 459 486.

The contributions of Toma® Stepi2nik to this paper are as follows . He designed
and carried out the experiments for bias-variance decomposition, processed the results, and
performed statistical analysis on them. He wrote the sections describing the experimental
results and revised the paper following the feedback from the reviewers.
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Chapter 5

Option Predictive Clustering Trees
for Multi-Label Classi cation

This chapter details our contributions in the context of option predictive clustering trees
and their use for the multi-label classi cation task. In the introductory sections, we pro-
vided a high-level overview of OPCTs (Section 3.1) and described the MLC task (Sec-
tion 2.1.2), where examples are labeled with sets of labels. Speci cally, the contributions
are the following:

1. Extension of PCTs with option nodes in the MLC context.

2. Experimental evaluation of the proposed method with a focus on investigating the
trade-o between predictive performance and model sizes obtained with di erent
parameters.

3. Evaluation of standard PCTs extracted from OPCTs by selecting speci ¢ options in
option nodes.

The initial work was presented at the ETAI-2018 conference (Stepi?nik Perdih et al.,
2018). It included the proposal of OPCTs for MLC and a brief evaluation, which showed
that OPCTs with many option nodes outperform standard PCTs and are on par with
ensembles thereof also in the MLC setting. This work was later greatly extended and
presented in the journal APH Journal of Applied Sciences (Stepi2nik, Kocev, & D°eroski,
2020). We include the resulting paper in this chapter. It includes a detailed experimental
comparison of OPCTs with di erent numbers of option nodes and bagging ensembles of
PCTs with di erent numbers of trees. We show that OPCTs exhibit a similar trade-o
between predictive performance and model size as bagging ensembles. However, OPCTs
have an advantage in interpretability over ensembles of similar size because they can be
represented as a single tree.

Additionally, we investigated the extraction of a standard PCT from an OPCT by
selecting speci ¢ options in the option nodes. We explored two strategies: one based on
the training set performance and another one based on the performance on a separate
validation set. A standard PCT is always one of the trees that can be extracted from an
OPCT in this way because the best split (which the standard tree selects) is always one of
the options in an option node. Our results show that the extracted trees can outperform
standard PCTs, due to the larger space of trees that are considered this way. Interestingly,
the extracted trees are often the same as PCTs built with the standard algorithm and may
occasionally give a worse performance on the test set.

Furthermore, we investigated where in the tree are option nodes most useful. We found
that when the entire OPCT is used, option nodes are more useful closer to the root node.
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However, when extracting standard PCTs from an OPCT, it is better to spread the option
nodes also to lower levels. A possible reason for this is that while splits higher in the tree
are more impactful, the evaluation of tests lower in the trees is less reliable because fewer
learning examples are present. Keeping multiple options available on such occasions seems
bene cial when extracting the nal tree. We also presented a use-case for labeling music
emotions, where the extracted tree performed better than the standard PCT despite being
much smaller.

From the hypotheses we de ned in Section 1.2, this chapter addresses the following:

H1 Introducing few option nodes in a PCT improves its predictive performance compared
to standard PCTs while retaining the interpretability potential.

H2 Introducing many option nodes in a PCT makes the option PCTs exhibit similar be-
havior to bagging ensembles of PCTs in terms of time complexity, size, and predictive
performance.

For the H1 hypothesis, we point out that the strictest parameter con guration for
OPCTs allowed very few options nodes, in some cases even none at all, i.e., a standard
PCT was constructed. When the parameters were relaxed so that a few more option nodes
were created, the performance immediately improved. This con rms the H1 hypothesis
in the MLC context. Hypothesis H2 was directly con rmed in the MLC setting by the
comparison to bagging ensembles described above.

The paper included in this Chapter is:

© Stepi2nik, T., Osojnik, A., D%roski, S., Kocev, D. (2020). Option Predictive Clus-
tering Trees for Multi-label classi cation. Acta Polytechnica Hungarica Journal of
Applied Sciences 17(10), 109 128.

The contributions of Toma® Stepi2nik to this paper are as follows . He designed
and implemented the investigated methods. He participated in the design of the study,
carried out the experiments, and analyzed the results. He drafted the paper and revised
it following the feedback from the co-authors and the reviewers.
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Chapter 6

Option Predictive Clustering Trees
for Hierarchical Multi-Label
Classi cation

In this chapter, we detail the contributions related to option predictive clustering trees and
their use for the hierarchical multi-label classi cation task. In the introductory sections,
we provided a high-level overview of OPCTs (Section 3.1) and described the HMLC task
(Section 2.1.2), where examples are again labeled with sets of labels. Additionally, we have
a partial ordering de ned among the labels. Our contributions in this context are:

1. Extension of PCTs with option nodes in the HMLC context.

2. Experimental evaluation of the proposed method, focusing on the in uence of dif-
ferent parameter settings on the predictive performance, time complexity, and inter-
pretability.

The listed contributions were presented with a paper at the DS-2017 conference (Stepi2nik
Perdih et al., 2017), which we include in this chapter. Chronologically, we performed this
research between the MTR and MLC papers presented in the previous two chapters. We
include it here after our work on MLC because HMLC generalizes MLC. We proposed
OPCTs for HMLC and experimentally evaluated them with di erent parameter settings
controlling the number of option nodes introduced to the trees. We identi ed three in-
teresting settings. The least strict setting again resulted in OPCTs that were similar to
bagging ensembles in terms of predictive performances and model sizes. The middle set-
ting traded a small amount of predictive performance for much smaller models. In the
setting that allowed the fewest option nodes, OPCTs came closer to PCTs in terms of size
while maintaining a noticeable advantage in predictive performance. Therefore, OPCTs
solidi ed their place as a bridge between single trees and ensembles thereof.

From the hypotheses we de ned in Section 1.2, this chapter addresses the following:

H1 Introducing few option nodes in a PCT improves its predictive performance compared
to standard PCTs while retaining the interpretability potential.

H2 Introducing many option nodes in a PCT makes the option PCTs exhibit similar be-
havior to bagging ensembles of PCTs in terms of time complexity, size, and predictive
performance.

Our results con rmed hypotheses H1 and H2 also for the HMLC task: di erent param-
eter settings result in OPCTs with various amounts of option nodes, providing di erent
trade-o s between model size/interpretability and predictive performance.
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The paper included in this Chapter is:

~ Stepi2nik Perdih, T., Osojnik, A., D°roski, S., Kocev, D. (2017). Option Predic-
tive Clustering Trees for Hierarchical Multi-label Classi cation. In A. Yamamoto, T.
Kida, & T. Kuboyama (Eds.), Discovery Science(pp. 116 123). Springer Interna-
tional Publishing.

The contributions of Toma® Stepi2nik to this paper are as follows . He con-
tributed to the design and implementation of OPCTs for HMLC. He participated in the
design of the study, carried out the experiments, and analyzed the results. He drafted the
paper and revised it following the feedback from the co-authors and the reviewers.
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